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ABSTRACT

UDC: 511.178

In this paper we give a representation of Stirling numbers of the second kind, we obtain explicit formulas for some cases
of Stirling numbers of the second kind and illustrate a method for founding other such formulas.
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PRELIMINARIES

In Combinatorial Theory (Aigner, 1979) are given the
properties and the values of combinatorics sum

S(n,1) = Zn:(—l)k[Zj(n k) (mleNuUo.

Especially, we define that S(0,0) := 1. It is a known
fact that S(n,n) =n! for every n € N, and S(n,1) =0 for
1 <n: For n <I; the sum S(n,]) is interesting because in
combinatorics it represents the number of all possible
permutations with repetitions of a set of 1 elements
with n classes ([2], page 216), i.e., forn <1

il 1
S(n,l) = =/
(’)kzk: k)k ! Zk'k'
Lseeesky €N TV 2 eeelly e Ky, €N Fopeeedby o
ky+..+k, =l ke +..+k, =l
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Also, there exists a relationship for the sum S(n,l) us-
ing Stirling numbers of the second kind. Namely, for
S(n,l)=n!-S, (I,n) (1)

where with S2(1,n) we denote Stirling numbers of the
second kind (Velja, 2001, pp. 100-101). The Stirling
numbers of the second kind S2(1,n) describe the num-
ber of ways a set with 1 elements can be partitioned
into n disjoint non-empty subsets. In Combinatorial
Theory (Aigner, 1979) it is proved the following rep-
resentation of S(n,l) for n <1.

Theorem 1 (Theorem 7. in Combinatorial Theory
(Aigner, 1979) For every k € N there exists a poly-

nomial f,(n)=an* +...+a,n with rational coeffi-
cients and with property that for every n e N U {0}

S(n,n+k)=f,(n)(n+k)! (2)

Also, the following holds



k
2.~ (k+1)' e

i=1

Especially, for every ne Nu {0} are obtained the
following concrete formulas (formulas (7)-(11) in

[1D):

S(n,n+1):g(n+1)! 4)

3n’ +n

S(n,n+2)=

(n+2)! (5)

3

2
S(n,n+3)= notn

(n+3)! (6)
15n* +30n° +5n% = 2n

S(n,n+4)= +4)! 7
(n,n+4) 760 (n+d! (7)
9n° +30n* +151° —6n°
S(n,n+35)= +5 (8
(n,n+5) 32560 (n+5)! @)

These formulas hold for every neNuw{0!l. There-
fore, the coefficients of the polynomial fi(» depend
only of k.

RESULTS

From (1) and (2) we conclude that Stirling numbers
of the second kind S, (n + k,n) have the following
representation:

Sz(n+k,n)—(n+k)

n+k
fk()( )gk(n) 9)

with g, (n)=k!- f, (n) for n,k e Nu {O}.We want
to see how the coefficients of polynomials f (n) and
g,(n) depend of k: From theorem 2. in Combinato-
rial Theory (Aigner, 1979) we have the recurrence
relation:

Stnyn+ky=n-Sn—-Ln+k-1)+n-Sn,n+k-1)
Using (2) this means

S+ k)=n-f,(n=1)-(n=1+k)n- £ (n)-(n +k =1)!

Now, if we divide the last relation with (n + k - 1)!,
then we obtain the equality

Jem)y-(n+k)y=n-f (n=1)+n-fi,(n) (10)

Denote :

f.(n)=a,(k)n* +a,(kyn* " +...+a,(k)n
Then, from (10) we have further

(n+k)-[a, ()n* +a, (k)n* + ...+ a, (k)n|=

= n-[a, () =1 +a, () =) +...+ a, (k)(n-1)]
+nla, (k=D +ay (k=)' + v a, (k=Dn| (11
Observing the coefficients by n* in (11) we have

k-a,(k)+a,(k) =—k-a,(k)+a,(k)+a,(k-1),
ie.,
a (k)—* a(k=1) (¥

Because of  (0) = 1, we conclude that

1
2% k!
Now, we observe the coefficients by n*!in (11), and
we get

k k-1
k- a,(k)+a;y(k) = [zJal(k) —( 1 Jaz (k) + a3 (k) + ay (k=1),

a,(k) = (keNufoh (12

(2k —1)a, (k) = G]al (k) +a, (k —1).
Using (12) we have further,

m
2
2k =Dy (k) = a (k=) + =0 (+4)

By mathematical induction we want to prove that

(3

o (keNuU{0) (13)

2()_

Because of a,(0)=a,(1)=0 and a,(2) = % , We

conclude that (13) holds for k=1,2.

If we assume that

()

az(k—l):m
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)

then from (**) we have
k
1(k=1y (k) 2k(k-1) (k A
o) L) 512 1) aw==E ame22 keNUD)
2 T Ak ’ 3 T Ak
- = = - 2% k! 2% k!
R N ST T 2* -kl
k k : . 1
5 5 2 ok in (**) and (***) and finding 4= B =—. Observe
- .{1 +Z (k- 2)} = Ny now the coefficients by n*3 in (11). Then, 3ve have
25k 3 28k 3
Hence, (13) holds. Observe now the coefficients by k~a4(k)+as(k)=[ija1(k)—[k; ljaz(k)+(k2_ zjaz(k)
n*2in (11). Then, we have -3
*( jﬂ4(k)+a4(k*1)+a5(k),
k~a3(k>+a4(k):—@a,u«)+(k2_1]az(k>—(k;2]a3(k>+a4(k>+a3<k—1) b B AV
e I ey
Hence, Since
K 1(kYk-1) 1(kYk-2)_
(4 AN
_ K1 (k-1 302 =(kM1—E F—1)+ (k-2 k—3}
(2k—2)a3(k)—a3(k—l)—(3}m [ , )2"~k! 4 SN+ ok =2)k=3)
. kY1 5 _l k. B N
Le., ) :(4}-5(1( 79k+16)—6[4J [(k—4)(k—5) - 4]
i {030
(2K =2)ay (k) = as(k =)+ = (%) 6) 34
we have the recurrence relation

oSl

By mathematical induction we want to prove that

1(k
S, keNuU{o} 14

as ( )_2"-k! e NuU 0y (14) (2k =3)a, (k) = a,(k—1)+ o
Itis clear that a,(k)=0 for k£ <3, i.e.(14)holds for
k <3. If we assume that Look for the solution of the last equation in the form

2 k k

A |+B
6 4

(k1
3\ 4
=

k=D =

for some rational constants A and B: Then, from

then from (***) we have
k
J (****) we have

R

1{k-1 k 2k (k-1
3( 4 j 2@ 3( 4 j+2{4
(2k =2)a;(k) =7 T K =

27N (k-1 2% k! 2k K (k k-1

P DA S e e ey A
- k4 .[2+2(k—4)}= k4 2k=2

2 et 3 2k 3 Fruther,

(2k-3)-4 =2k-A +5
6 6 6

Hence, (14) holds. Note that formulas (13) and (14)
also we can obtain using the substitution
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implies

(2k—3)-A=2(k—6)- A+5

Hence, 4 :g . Also, from

(o230
(2k-3)-B|  |=2k-B el
4 4 ) 34

we obtain

(2k—3).B=2(k—4)-B—§

Therefore, B = —% . Hence,

el
a, (k) =% (keNuU{0) (15)

Observe now the coefficients by n**in (11). Then, we

ha\/e
k-a,(k)+a, (k)=- a, (k) + ! a,(k)— a, (k
. 5( ) 6( ) 5 1( ) A 2( ) 3 3( )

k-3 k-4
+[ ) ]04(1{)—( ! Jas(k)+as(k—1)+a(,(k)’

(k= Ha,) = a(k =+ 2o k[ @*i@(k; IH
A0

UEHE J ST

=(5] (5k* =90k’ + 439k — 570)

1.€.,

kY 1
:( J T [5(k — 5)(k — 6)(k —7) = 96(k - 5)]
_140( k) _48(k
~9(8) 916

we have the recurrence relation

E i ]

Q2k-%as(k)=a;(k-1)+ T

Let us search the solution of the last equation in the

aS(k)= 2k -k'

for some rational constants A and B. Then, from
(*¥****) we have

e [ ol -2 A G

Further,

(2k—4)-A(kJ - 2k-A[k_lJ+@[kJ
8 8 9 |8

implies

2k —4)- A=2k-8)- 4+ 20

Hence, 4 = ﬁ Also, from
27

(2k—4)-B(k] = 2k-B(k_lj—§[kJ
6 6 ) 96

we obtain
(2k—4)-B =2(k - 6)- B—%
2
Therefore, 3 . Hence,
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2ls)3l)
a, (k)= % (keNuioh (16)

Observing the coefficients by n** in (11) we obtain

ooty [ )
O CHE- ISR )
e H s W owE e ERE)
(E6HE)-
:(k].&.[SkA 150K + 1411 — 4818k + 4800]

6

kY 1
= (6J VEoh [5(k — 6)(k — 7)(k — 8)(k —9) — 264(k — 6)(k —7) + 768]
_175( k) _308(k) 768k
3(10) 9 \8) 43216

we have the recurrence relation

R
(2 = S)ag (k) = ay (k —1)+ =0 9 \B) 432N6) (e

28k

If we search the solution of the last equation in the

R

aé(k): 2k -k'

for some rational constants A, B and C; then, from
(¥***%%) we have

- {8)oofl)- 1)
A2 20

Solving this equation, we obtain :

4= -2 ¢
9 9

_ls
63
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Hence,

S0l
a, (k) =— 10) 918) 6316 (keNUh (A7)

2 k!
If we continue the described method, we can obtain
explicit formulas for coefficients _(k), (k) and other
coefficients of the polynomial f (n). Finally, using
Theorem 1, formulas (9), (12)-(17), we have proved
the following theorem.

Theorem?2 Forevery k € N'U {0} there existsaunique

polynomial g, (n) = b, (k)n* +b,(k)n*™ +...+ b, (k)n
with rational coefficients and with property that for

every ne NuU {0},
n+k
Spuln+hm)= - jg(n)

Also, the following holds

The first six coefficients of the polynomial g (n) are
equal:

)b Sl
b= =12 bw =T b=

2k 7 2k 7 2

A Ha HEA
bs(k):ﬂgz#, b (k) = 2\10) 91\8) 6316 (ke NU{0}.

2k

Corollary 3 For every ne NuU {O} the following for-
mulas hold:

+1
S,(n+1,n)= " z (18)
1 2
2 2
Sz(n+2,n)={”2+ ]-3”1;” (19)
3 3 2
Sz(”+3,”)=[n; j‘n ;n (20)
4 4 3 2 _
SQ(n+4,n)=(n: J.lSn +30§4g5n 2n(21)
5 4 3 2
Sz(n+5,n):(n;5)9n +30n2;-815n —6n’  (22)
S.(n+6 n):[”+6)'63n6+315n5 e31snt —otn’ 420’ 160 (23)
T 6 4032

Remark 4 Note that the formulas (18)-(22) also fol-
low directly using the formulas (4)-(9).
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